The discovery that the Universe has a vanishingly small global space curvature is usually interpreted as implying a large scale mean density of space close to the critical value. Since at low redshifts a substantial fraction of the matter is not homogeneously distributed, a frequently asked question is whether the propagation of light through this region of space still reflects the Euclidean geometry, even on average. By considering the mass clumps as singular isothermal spheres, we demonstrate using two independent mathematical proofs that as long as the light intercepts a sufficient number of these spheres the average convergence of the beam by them will in the weak lensing limit exactly cancel the divergence within the homogeneous subcritical density Universe -the result is statistically identical to propagation in flat space. However, the notion of an average convergence applies only to the mean amplification among numerous remote point sources, but not to the angular size of large emitters like the primary acoustic peaks of the microwave background. The reason is because most (by mass) of the isothermal spheres are galaxies and their halos, which typical light paths stay well away from, so that the picture is one in which the acoustic peaks all lie behind the giant bubbles (or 'concave' lenses) of the ambient Universe, with some tiny galactic 'convex' lenses which are too small to remagnify a large source. In a conservative approach where galaxies encompass 50 % of the total matter out to z = 1, the acoustic peaks demagnifies by ≈ 3 % relative to Euclidean geometry. This expectation is in conflict with observed data, i.e. the standard cosmological model cannot yet be deemed to have provided a clear and consistent picture of the Universe.
Introduction
The propagation of light through the inhomogeneous near Universe is an intriguing phenomeon, especially from the viewpoint of the cosmic microwave background (CMB), because the subject is sufficiently unfathomable that a large number of papers appeared in the literature. Some of the earlier works were cited in section 9.2 of the review of Bartelmann & Schneider (2001) . More recently, the controversy persists over whether, in a critical density Universe, the convergence of rays by mass concentrations is exactly compensated by the divergence in between, so that the average behavior of the light continues to reflect zero curvature space. Thus, while Rose (2001) argued that there is in general a net magnification of distant sources, Holz & Wald (1998) stressed the importance of caustics in bringing about a net demagnification on small angular scales. On the third hand, Claudel (2000) considered point mass, swiss cheese, and constant density clumps as models of the inhomogeneities, and concluded that any first order correction to the magnitude of sources will not cause a mean shift either way.
The observational status of the near Universe is that it comprises a smooth component which harbors ∼ 35 % (Fukugita 2003; Fukugita, Hogan, & Peebles 1998 ) of the Ω m = 0.27 total matter density (Bennett et al 2003) , plus mass clumps with (to zeroth order) a limited isothermal sphere density profile ρ ∝ 1/r 2 for r ≤ some cutoff radius R, which are the galaxies, groups, and clusters. The purpose of the present work is to demonstrate that the problem concerning the mean convergence of light in a Universe of isothermal spheres placed within an otherwise homogeneous space can be solved exactly in the weak lensing limit, analogous to Weinberg (1976) who published an analytical solution for the less realistic situation where the inhomogeneities exist as a uniform distribution of point masses (particles, or dust) with a vacuum between them. A crucial point which did not come across clearly in Weinberg's paper is how close the light rays have to skirt a particle before substantial 'tidal forces' take effect (Blandford & Kundic 1997) , because mass clumps as we now know them have finite sizes.
Cross section evolution of a light bundle from the Sach's optical equations
Let us express the normalized matter density parameter for the near Universe as Ω m = Ω h + Ω g , where Ω h represents the homogeneous component and Ω g an ensemble of uniformly but randomly placed large scale structures, each having the density profile of a limited isothermal sphere of mass M and cutoff radius R. We assume that the emitting source is embedded within such a Universe. We will restrict ourselves to the weak lensing limit, where there are no multiple images and the density contrast is sufficiently small that any gravitational effects are Newtonian.
The framework of our treatment is the Friedmann-Robertson-Walker (FRW) space-time as shaped by the homogeneous component of the matter distribution. Upon this metric we envision a null geodesic directed along the backward light cone from the spatial origin at the observer, whose clock keeps the present time. The standard solution of the geodesic equation (Eq. (14.40), Peebles 1993 
where the dot derivative is w.r.t. the affine parameter λ, a(t) is the (Hubble) expansion parameter at world time t, and the initial conditionṫ = −1 at z = 0 was applied along with the notational shorthand c = 1.
Now consider small excursions of the actual light path from a given radial null geodesic. It is convenient to introduce transverse coordinates l = (l α ) α=1,2 , such that
Take in particular a pair of backward null geodesics starting from the origin at the present time. Let their separation at affine distance λ be δ l(λ). The rate of change of this separation is governed indirectly by the Sachs scalar optical equations, which in the (reasonable) limit of vanishing Weyl tensor read:θ
where
and w 2 = w αβ w αβ . Here θ is the expansion and w αβ is the shear (the latter is a symmetric and traceless tensor) -they are quantities which determine the evolution of δ l(λ) via the equation
In Eq. (3) the Ricci tensor R µν is obtained from the Einstein's field equations
where the only significant entry for the stress energy tensor T µν is T 00 = ρ. The solution, R 00 = R 33 = 4πGρ, may be coupled with Eqs. (5) and (1) to yield an expression for the Ricci focussing source term as R µν u µ u ν = 8πGρ(1 + z) 2 . Hence Eq. (3) may be written aṡ
For the present purpose it is only necessary to work with the two scalar variables θ and w 2 , the evolution of the latter is according to the equation
which is obtainable from Eq. (4).
In the next step, we suppose that light from a source at affine distance λ s passes through one single isothermal sphere centered at λ l , with an impact parameter ℓ (a physical distance measured at the lensing epoch) for the undeflected ray. The actual path of the light will, of course, have a different impact parameter b which is related to ℓ by the equation
where D l and D s are respectively the angular size distances of the lens and source, D ls is the same for the source as viewed from the lens. Also ψ(b) is the angle of deflection, given by:
and
Note that when b ≪ R, Eq. () reduces to the frequently used formula:
i.e. ψ(b) becomes independent of b. We also note in passing that in the weak lensing limit
the second term on the right side of the ℓ-equation in Eq. (10) may be omitted, i.e. the approximation ℓ ≈ b may legitimately be made (even though such a step is actually unnecessary for our present purpose, because we express everything in terms of b).
From Eq. (6) we see that the changes in θ and w αβ due to the presence of the lensing mass are of the form:
where z is the redshift for the epoch of interaction. The factors of (1 + z) arise because of the relation between δλ and the proper distance. It follows that
-5 -Substituting Eqs. (12) into Eq. (17) for δθ, we obtain readily
For b ≤ R we first note from Eq. (11) that
leading to
Turning to the shear w 2 , the integrations are more complicated, yet because (as we will soon find out) it is a higher order correction term we can afford to make a simplifying approximation to deal with the mathematical difficulty -we fix ψ(b) at the value given by Eq. (13). The result is
Lastly we have to compute the average effect of all the mass inhomogeneities. The number density of the isothermal spheres (neglecting evolution and assuming uniform distribution in FRW space) is
The probability of finding a clump with center at the position (λ, b) to within small ranges dλ, db is
Since the expansion is additive, the globally averaged change of θ with λ is, from Eqs. (17) and (24),
where at the last step the integral was evaluated with b min ≪ R in mind.
For w αβ , because of the random orientation of l successive increments fluctuate in sign, though there is a gradual systematic accumulation of w 2 . Assuming as before a constant deflection angle ψ, and employing Eqs. (18) and (24), we find
Putting together the effects of both smooth and clumped matter, we find for θ, from Eqs. (8) and (25) the equation
Thus within the limits of our current approximation both matter components affect the behavior of θ in exactly the same way, i.e. the expansion of a light beam is no different from the case when all the clumped matter is smoothly distributed. At a higher level of accuracy, however, there is a unique and extra contribution from the clumps -through the shear term w 2 . If Ω g = 0, we have w 2 = 0; but if Ω g > 0 then w 2 will also be positive -its value is given by Eq. (26). In this case, the presence of a w 2 > 0 term in Eq. (27) means the expansion rate θ becomes more negative, i.e. a source at any given redshift will appear brighter than in a Universe where all the clumps are 'homogenized'. From Eqs. (9) and (26), we see that the equation of motion for w 2 with the effect of matter clumps included is
An insight into the significance of shear may be gained by approaching Eq. (28) iteratively. To zeroth order, when the clumps are ignored, w 2 = 0. To first order, we substitute this solution into Eq. (28) for a better approximation to d w 2 /dλ. The result is integrable, e.g. the 2nd term on the right side of Eq. (26) has the structure
This expression for w 2 must then be applied to the 2nd term on the right side of Eq. (27). When compared with the last term of the same equation, however, we see that the shear from the mass concentrations remains relatively unimportant until the limit GMD s /R 2 ≥ 1 is reached. The condition, which is relevant to galaxies but not clusters, is essentially the same as that for the violation of Eq. (14), the weak lensing criterion. Nonetheless, even for galaxies one should beware that if a light ray passes by at a minimum impact parameter ∆ which is large, viz. ∆ ≫ R, then an inspection of the only surviving integral in Eq. (26) reveals that the right side of Eq. (29) should involve a denominator of ∆ 2 rather than R 2 , in which case the effect becomes ≪ H 2 0 Ω g although the quantity GMD s /R 2 may exceed unity. We shall take up this important point in section 4.
Direct calculation of the net convergence
The key advantage offered by the Sachs optical equations approach of the previous section lies in its ability to simultaneously treat the beam convergence by the lenses and divergence in between using one formalism. The results so derived indicate that as long as the isothermal spheres act as weak lenses, the angular size and luminosity distances of a source will remain at their FRW values for a homogeneous Universe of the same corresponding mean density (computed over superclustering scales). The disadvantage of the method in section 2 lies in its inability to cope with less restrictive scenarios -differential equations like Eqs. (27) and (28) are hard enough to solve without additional terms of another mathematical form.
Here we present a second way of tackling the problem. It is more direct in that the differential equations are by-passed, but the price to pay is the inconvenience that the clumps and bubbles will now have to be treated separately. Under circumstances where criteria (a) and (b) above hold, the new method gives the same answer as the old. Yet our purpose is beyond just providing a different viewpoint, because more complicated situations will also become tractable by the present approach.
In Lieu & Mittaz (2004) it was shown that, in the weak lensing limit the angular magnification of a source by an intervening isothermal sphere is given by
where ℓ ≤ R is the impact parameter of the undeflected light path and the x's are the angular size distances as defined in section 2. Suppose we draw from the observer a random straight line L penetrating flat FRW space S to some redshift z s , by what fraction will the angular size of an object along this direction be changed if instead the intervening space is modified from S in such a way that part of the matter exists as mass clumps distributed uniformly on the FRW distance scale? Since the probability of finding a lens within x l → x l + dx l and ℓ → ℓ + dℓ from the straight line L is 2πn 0 (1 + z) 2 dx l ℓdℓ, the expectation value for η in question is
where z l = z(x l ). The integral may be expressed as a power series in x s :
where the x's are Euclidean distances at the z = 0 epoch.
Note, however, that thus far our interpretation of x as an FRW distance has merely been a conjecture. A simple but definitive test is to find out whether in the 100 % clumping (Ω g = Ω m ) limit such an undertaking results in an exact cancellation between η and the angular demagnification ǫ of the source due to beam divergence in the empty voids of the critical density Universe. If the answer is no, x will have to be replaced by a non-FRW distance scale, suitably adjusted until the necessary cancellation is secured. Now the sought after quantity ǫ is given by
s is in fact the Dyer-Roeder 'empty beam' distance (Dyer & Roeder 1972) of the source). Though a tedious exercise, it can be shown that an expansion of ǫ in ascending powers of x s yields the same series as that for η in Eq (32) with Ω g replaced by Ω m . Thus we see that the requirement of self-consistency enforces the definition of D as an FRW distance, i.e. an independent confirmation of the conclusion of section 2 is now in place.
Interpretation of the results; comparison with observations
Although in the previous two sections we arrived at the same result through two independent approaches, it is now important to understand what this result means. In particular, we need to be clear in our mind the circumstances under which the integration over a cylindrical probability element like that of Eq. (24) corresponds to observational reality. Among the isothermal spheres of different scales, viz. galaxies, groups, and clusters, galaxies encompass by far the lion's share of the matter budget at low z, i.e. their lensing influence is, from an all-sky average perspective, unsurpassable. Yet because of their compactness, it is rare for a light ray which penetrates the z ≤ 1 Universe to skirt even one such system at close proximity. To demonstrate this, we may take as parameters for the galaxy distribution n 0 ≈ 0.15 Mpc −3 out to z = 1, M galaxy ≈ 10 11 M ⊙ , and R galaxy ≈ 3 kpc. A randomly directed ray of length 3 Gpc (z = 1) would typically be ∼ 30 kpc (≈ 10R) from no more than one galaxy. At such impact parameters the only contribution to the beam expansion comes from the shear term of Eq. (29) with the quantity R replaced by ∆ = 10R (see the remarks following Eq. (29)), i.e. the ensuing w 2 has a magnitude 10 −4 times smaller than H 2 o Ω g , and is therefore completely negligible.
The conclusion is that despite the statistical cancellation between convergence by the clumps and divergence within the homogeneous Universe most light signals experience only the latter. Of course, where a path also involves the former, a large η will be added to the resultant, and thus the average magnification for a sizable sample of 'standard candle' point sources at z = z s ≥ 1 may indeed be close to the Euclidean expectation if the mean density of space at superclustering scales is critical. The same cannot be true, however, concerning the angular size of a very extended source. More precisely, if the source occupies a sky area much greater than that of an isothermal sphere, and along most of the sightlines to this area the emitted light is subject only to the Dyer-Roeder effect the entire source must appear demagnified. The reason is that each of the tiny lenses in front of a small portion of the source cannot enlarge a solid angle of emission much bigger than the one the lens subtends at us, and if the total 'lensed' solid angle is an insignificant fraction of the entire source, those pockets of convergence will no longer be able to compensate for the divergence which the bulk of the source regions suffers from. In such a context, then, the cancellation depicted in sections 2 and 3 is quite irrelevant to the argument. With this rather subtle point in mind, we now turn to the CMB acoustic peak observations as a means of testing the standard cosmological theory.
The CMB data have conventionally been modeled in terms of a critical density FRW Universe. As explained above, one has to be cautious with the picture. During the 'last leg' of the light propagation, the matter at low redshift is anything but smooth. Let us return to the ansatz presented in the text preceding Eq. (31), and inquire again for a random direction within S (the FRW Universe) the percentage change in the angular size of a very distant (z = z s ≫ 1) and large emitter, if the intervening space is modified from S in such a way that only during the 'last leg' of the light's journey (between, say z ∼ 1 and z = 0) did the light encounter a different kind of space -one which contains a uniform population of non-evolving galaxies amidst a homogeneous matter component, with a 50 % split of the matter density Ω m between the two kinds of mass distribution. This simplified picture of the CMB propagation is justified at least from the viewpoint that large scale structures are dominated (in terms of the total mass residing in various types of isothermal spheres) by galaxies, which encompass a matter density of Ω g = Ω m /2 (Fukugita 2003 and Fukugita, Hogan, & Peebles 1998) , and which exhibit no evidence for significant evolution up to z = 1 (Ofek, Rix, & Maoz 2003) . Moreover, any error we made would tend towards understating the result of the test, because galaxies missed by the propagating light above z = 1 are not included.
From this conservative scenario emerges a prediction. Since galaxies subtend angles of ≤ 1 arcsec, and the primary acoustic peaks occupy ≤ 1 degree, we do indeed have a situation in which an extended emitter lies behind and within a giant 'concave' lens -the homogeneous expanding space at subcritical density -with some very tiny superposing 'convex' lenses which represent the foreground galaxies. The source appears smaller than in Euclidean space, because its overall solid angle is controlled solely by that single giant lens greater in size than itself. The percentage angular demagnification is that of the Dyer-Roeder beam, which according to the previous paragraph is 'half loaded' between z = 0 and z = 1, and 'fully loaded' from z = 1 onwards. From Figure 1 of Moertsell (2002) , we see that the answer is 3 %. For reasons already explained, this number can easily be larger, yet already it is in contradiction with the WMAP observations. As depicted in Figure 1 , a 3 % rightward shift of the spherical harmonics in the region of the first few acoustic peaks is clearly excluded by the data.
Conclusion and discussion
Concerning the angular size of large and distant emitters like the primary acoustic peaks of the CMB, the mathematical integral which averages the magnification by a distribution of lenses around the light path does not carry much meaning, because the inhomogeneous near Universe is ruled by galaxies (which encompass the lions's share of the 'clumped' mass budget), which are sufficiently sparsely populated compact objects that hardly ever influence passing light. The absence of a mechanism which allows the gravitational effect of the galaxies to compensate the beam divergence within the expanding subcritical intergalactic space implies that structures as large as the CMB acoustic peaks must inevitably be subject to a demagnification.
Since the acoustic peaks are all observed to have a size consistent with Euclidean geometry, it is fair to conclude that, at the very least, the current interpretation in terms of space having a critical density of matter and energy requires further justification. It should be emphasized that our calculation of the beam divergence is already too low, because we assumed the homogeneous component of the near Universe still retains 50 % of the matter content -the genuine 'void' regions which cover most of the volume within z < 1 are both actually filament-free and clump-free, and possess a matter fraction < 15 %. There are of course many ways of contriving a solution. When adopting a more objective view, however, we must admit that with this difficulty the standard cosmological model cannot be deemed as free from major problems.
It is sometimes asked why earlier investigators did not find it immediately apparent that there is no way the lensing by mass clumps with an angular size so obviously less than that of the CMB structures can ever restore the demagnification due to ray divergence within the giant hollows of the near Universe. The answer lies in the elegant solution of Weinberg (1976) , which led to the impression that remotely located mass clumps can somehow affect light through their tidal forces, thereby maintaining the status quo (Blandford & Kundic 1997) . The reason for such an illusion is that in Weinberg (1976) the inhomogeneities were treated as point masses -the essential distance scale which determines how easily a light path can 'access' these masses at close proximity, is then missing. Another way of putting is that until the present work we did not know the radius of influence of the lenses in the context of this particular debate. 
